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Abstract. Under suitable conditions, we obtain some characterization of su- 
percontractivity, ultraboundedness and ultracontractivity of the evolution op- 
erator G{t, s) associated to a class of nonautonomous second order parabolic 
equations with unbounded coefficients defined in 7 X R"^, where / is a right- 
halfiine. For this purpose, we establish an Harnack type estimate for G(t, s) 
and a family of logarithmic Sobolev inequalities with respect to the unique 
tight evolution system of measures {/it : t £ /} associated to G{t, s). Sufficient 
conditions for the supercontractivity, ultraboundedness and ultracontractivity 
to hold are also provided. 



1. Introduction 

Let A be an autonomous second order uniformly elliptic operator with un- 
bounded coefficients defined in W^. It is well known that, under suitable assump- 
tions on its coefficients, a Markov semigroup T{t) can be associated in Ch(R'^) to 
the operator A. More precisely, for any / e Cb(M'^), T{t)f is the value at t of the 
(unique) bounded classical solution of the Cauchy problem 

J Dtu{t,x) ^ Au{t,x), e (0, +00) X M'', 

\ u{0,x) = f{x), X £ W^. 

Under somehow stronger assumptions on the coefficients of the operator A, an 
invariant measure /i can be associated to the semigroup T{t) which can be extended 
to a contractive semigroup in LP(R'^, fi) for any p € [1, -l-oo). 

It is also well known that in some cases T{t) improves summability, i.e., it maps 
LP{R'^, n) into Li{W^, n) for some g > p and i > t{p, q)>0, and 

Cp^q{t) := \\T{t)\\x:(Lp(R'' ,fi),Li(M'' ,fj.y) < +00. (1.1) 

This property is called hypercontractivity if p, g G (1, +00), <(p, q) > and C'p^q{t) = 
1, supercontractivity ii p,q G (1,+cx)) and t(j),q) — 0, ultraboundedness if p G 
(l,-|-oo), q = -\-oo and t{p,q) — 0. If p G [l,+oo) this last property is called 
ultracontractivity. 

Estimate (II. ip is equivalent to the occurrence of some functional inequalities 
satisfied by the invariant measure fx. We refer to the pioneering work on such 
topics, where a characterization of the hypercontractivity and the supercontractiv- 
ity of the semigroup T{t) is given in terms of some logarithmic Sobolev inequalities. 

Ultraboundedness and ultracontractivity have been widely studied in the au- 
tonomous setting, mainly in the symmetric case (where they are equivalent). The 
first result in this direction is due to Davies and Simon 'W, ^ that, following the 
idea of Gross and requiring some additional integrability conditions, connect ultra- 
contractivity with a family of logarithmic Sobolev inequalities. 
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Other different approaches to study ultracontractivity have been also suggested 
by [3] and, more recently, by pp] . 

On the other hand, to the best of our knowledge, results on summability im- 
proving have been not yet studied in the nonautonomous case. 

In the recent paper P] we have dealt with hypercontractivity and we have ex- 
tended the connection with logarithmic Sobolev inequalities in a nonautonomous 
setting, where the semigroup T{t) and the invariant measure fi are replaced, respec- 
tively, by a Markov evolution operator G{t, s) and an evolution system of measures 

In this paper we are interested in exploiting some regularizing properties, stronger 
than hypercontractivity, for the evolution operator G{t,s), and in characterizing 
them in terms of suitable inequalities satisfied by an evolution system of measures 

Let / be an open right halfline and for every t € I consider the nonautonomous 
second order differential operator A{t) defined on smooth functions by 

iA{t)C){x) = TT{Q{t)D\{x)) + {b{t, x), VCix)), X e R^. 

We assume some smoothness on Q = [qij]i,j=i,...M and b — {bi, . . . ,bd), defined 
in I and / x M'', respectively. Moreover, we require that the coefficients qij are 
bounded and that the operators A{t) are uniformly elliptic, i.e., there exists a 
positive constant rjQ such that 

Assuming the existence of a Lyapunov function, for every s € I and / € Cb{W^), 
the nonautonomous Cauchy problem 

Dtu{t, x) = A{t)u{t, x), {t, x) £ (s, +00) X R"*, 

u{s,x)^f{x), xeR"^, 

admits a unique bounded classical solution u = G(-, s)/, where G{t, s) is a Markov 
evolution operator. The function G{-, s)f belongs to G^^"^^''^'^" {{s, +00) x R'') and 
admits the following representation formula 

{G{t,s)f){x)= ( gtAx,y)fiy)dy, s < t, x e , f e GtiR"), (1.2) 

JR'' 

where gt^s : R*^ x R'' ^ R is a positive function such that \\gt.s{x, •)IIli(r<') = 1 for 
any t,s G I, with t > s, and any x G M.'^. 

The existence of a Lyapunov function such that 

lim (p{x) ^ +00 and {A{t)ip){x) < a - j cp{x), {t,x)£lxR'^, 

for some positive constants a and 7, allows (see [H]) to prove the existence of 
tight evolution systems of measures {^t '■ t G I}, i.e., families of Borel probability 
measures such that fit{B{0, R)) tends to 1 as i? +00, uniformly with respect to 
t £ I, and 

/ {G{t,s)f){y)dMy)^ [ f{y)d^Jis{y), t > s e i, f e CtiR"). (1.3) 

The interest in evolution systems of measures is due to the good properties that 
the evolution operators enjoy in the L^'-spaces related to these systems. Indeed, 
using ((O]) and the density of G^{R'^) in LP{R'^,fj,t) for every i e /, the evolution 
operator can be extended to a contraction (still denoted by G{t, s)) from Lp{R'^, /i^) 
to LP{R'^,fit) for every p e [1, +00). 
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In this context a generalization to the nonautonomous case of the definitions 
of hypercontractivity, supercontractivity, ultracontractivity and ultraboundedness 
(see Definition 12. 6p and of their characterizations is significant and interesting. 

As it has been aheady remarked, in [2] hypercontractivity of the evolution opera- 
tor G{t, s) has been studied, assuming some stronger assumption than the minimal 
ones that guarantee the basic properties of G(t, s) and the existence of an evolution 
system of measures {fit '■ t € I}. In fact, if the dissipativity condition 

{'^.bit,x)^,0 <ro\e, teI,x,^eR'' (1.4) 

is satisfied for some vq < 0, then the logarithmic Sobolev inequality (in short LSI) 
for the unique tight evolution system of measures {/is '■ s € 1} 

I )dfUx)<c[ |V/|2d/,,(x), (LSI) 

JR'' \\\J\\l^(R^,ii^) J JR<i 

holds for any s E I, f E iJ^(R'^,/is) and some positive constant C, independent of 
/ and s. The hypercontractivity of G{t, s) in spaces related to the unique tight 
evolution system of measures, is obtained as a consequence of the (LSI). 

In general, evolution systems of measures are infinitely many (see e.g., [5]). 
Among all of them, the unique tight system as a prominent role. Indeed, it is 
related to the asymptotic behaviour of G{t, s) as t — > +oo. As it has been proved 
in [2], under condition (jl.4p 

hm / |G(t,s)/-m,(/)p/.,(x)=0, 

uniformly with respect to / G LP(R'^, i^g), p G [l,+oo), where ms{f) denotes the 
average of / with respect to the measure /i^. 

In this paper, we assume that condition (|1.4p holds true and consider the unique 
tight evolution system of measures {^s : s G /}. 

We first prove that the supercontractivity property of the evolution operator 
G{t,s) is equivalent to the validity of the following family of logarithmic Sobolev 
inequalities (in short LSI^) 

/ ^'^''^iur^ )'^A^3W<^ll|V/||ii.(«.,^^)+/3(e)|l/|li.(R..^^), (1.5) 

for every s E I, f E H^{M.'^, ^s), e > and some positive decreasing function 
p. We follow the method of [T7] that, on a Riemann manifold M, deals with the 
diffusion semigroup Pt generated by the autonomous operator L = A + ZV with 
Neumann boundary conditions on dM, where Z is a C^-vector field satisfying a 
curvature condition. The condition on the curvature is used to deduce the following 
logarithmic Sobolev inequality satisfied by Pt 

Ptifhgf) < lPt\yf\' + [Ptf)\og{Ptf), (1.6) 

which holds for every / E G^{M), t > and some positive constant K > 0. 

The starting point of our analysis is the analogue of (jl.6D in the nonautonomous 
case; we prove a logarithmic Sobolev inequality satisfied by the probability measures 
gt^s{x,dy) = gt^s{x,y)dy defined in (|1.2p . More precisely, we show that 

G(t, s){f log/2) < ^(1 - e2''"^*-^^)G(i, s)(|V/|2) + (G(i, s)f) log(G(i, s)f), 

(1.7) 
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for every / e C^(M'') and t, s ^ I such that t > s. The key tool for the proof of 
estimate (|1.7p (and of many results in the paper) is the pointwise gradient estimate 

|(V,G(t,s)/)(x)| < e'-''(*-^)(G(t,s)|V/|)(x), t>s, a: e / e C^iR'), 

(1.8) 

that has been proved in [T2] under the assumption (|1.4p (which is equivalent to the 
condition considered in [U])- Even in the autonomous case, (|1.8I) does not hold 
when the diffusion coefficients depend on x and they do not satisfy the condition in 
pi] . This is the reason why we confine ourself to the case of diffusion coefficients 
depending only on t. 

Another important consequence of (|1.8p is the Harnack type estimate 

|(G(i,s)/)(:r)p <(G(t,s)|/n(y)expfJ^-^Y t>s,x,yeR', (1.9) 

\2rio{t~ s)J 

satisfied by any / G Gb(M'*). Estimate (jl.9l) and LSIg allow us to prove a second 
criterion for supercontractivity: we show that the integrability with respect to the 
measures {fit : t G 1} (uniform in t) of the Gaussian functions (px{x) :— e"^'^' , for 
every A > 0, is another condition equivalent to the supercontractivity of G{t,s). 
This second characterization is useful in order to provide a sufficient condition for 
the evolution operator G{t,s) to be supercontractive as stated in Theorem 13.91 

The Harnack type estimate (|1.9I) is also the key tool to prove that, if G{t, s)ipx G 
L°°(R'*) for every t > s G / and A > 0, and 

sup ||G(i,s)(/3A||oo < +00, (5,A>0, (1.10) 

s,tei 

t-s>S 

then G{t, s) is ultrabounded. We provide a sufficient condition for G(t, s)(p\ to be 
bounded for every t > s E I and every A > (see Theorem l4.ip . 

Actually, condition (|1.10p is also necessary to get ultraboundedness. We prove 
the necessity of this condition using the characterization of the supercontractivity 
property in terms of the family of inequalities (|1.5p . 

A quite sharp condition to get ultraboundedness of G(i, s) is given in terms of 
the inner product between the drift b{t,x) and x, which has to satisfy 

{b{t,x),x) <-Ki\x\''ilog\x\r, teI,\x\>R, (1.11) 

for some positive constants Ki, a > 1 and R> 1. 

Under some stronger condition than (|l.lip on {b{t,x),x), we prove that G{t,s) 
is bounded from L^{M.'^,fis) to L^(R'^,/it), hence it is ultracontractive. 

Then we extend supercontractivity, ultraboundedness and ultracontractivity to 
evolution operators associated to nonautonomous operators with non zero potential 
term. 

Finally, we establish some consequences of the regularizing properties of G(i, s). 
More precisely, we get an L°°-estimate for the integral kernel gt^s of G(t, s) (see 
(|1.2p ) and some L^-uniform integrability properties of G(t, s). 

The paper is organized as follows. First, in Section [2j we state our main as- 
sumptions, we collect some known results on the evolution operator G{t, s) and 
we give the definition of supercontractivity, ultraboundedness and ultracontractiv- 
ity in our nonautonomous setting. Section [3] is devoted to prove two criteria for 
the supercontractivity property of G{t,s). In Section U] we provide a characteriza- 
tion of ultraboundedness for G{t, s) in terms of the boundedness of the function 
G{t, s)ip\. Section [5] concerns the L^-L"^ boundedness of G{t, s) and the consequent 
ultracontractivity property. Finally, in Section [51 we collect some consequences of 
the ultracontractivity of G(i, s). 
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Notations. Let fc G N U {0, +00}, we consider the usual space C'^(M'^), as well 
as Cj^{R'^), the subspace of C'^(IR'') consisting of bounded functions with bounded 
derivatives up to the fc-th order. We use the subscript "c" instead of "5" for the 
subsets of the above spaces consisting of functions with compact support. 

If J C M is an interval and a G (0, 1), C°'/^'°'{J xR'^) denotes the usual parabohc 
Holder space. We use the subscript "loc" to denote the space of all / S C(J x M.'^) 
which are {a/2, a)-H61der continuous in any compact set of J x M.'^. 

Let be a probability measure on R'' and 1 < p < 00. We denote by LP(R'', /i) 
the set of /x-measurable functions / : R'' — R U {±00} such that := 
/gd \f\^d^{x) < +00. When d/i — dx is the Lebesgue measure, we simply write 
ll/llp. If p = +00 then L°°(R'^,/i) = L°°{W^) is endowed with the sup-norm || • ||oo. 
The space H^iW^ , /i) consists of all the functions which belong to L^iW^, jj) together 
with their first order distributional derivatives. 

Let T be an operator mapping LP(R'', fi) to L'^{W^, v) for 1 < p < q < +00 where 
/i, V are two probability measures on R''. If no confusion may arise, we denote by 
||T||p^q the operator norm ||r||£(ip(Rd^^)_ig(Kd,,.)). 

About partial derivatives, the notations Dtf :— DiJ :— DijJ := 
are extensively used. 

About matrices and vectors, we denote by Tr((5) and (x, y) the trace of the 
square matrix Q and the inner product of the vectors x,y G Mf^, respectively. 

The ball in R'' centered at with radius r > is denoted by B{Q, r). 

Finally, we set log by definition. 

2. Assumptions, definitions and a review of some properties of G{t,s) 

Let / be an open right halfline. For t e / we consider linear second order 
differential operators A{t) defined on smooth functions C by 

d d 
i,j=l 1=1 

= TT{Q{t)D^C{x)) + {b{t,x),WC{x)), X € R^ 
under the following assumptions on their coefficients. 

Hypotheses 2.1. (i) q,, e C^J.^I) and h e Cj'^f x R'^) = 1, . . . ,d) /or 

some a £ (0, 1); 

(ii) the matrix Q{t) ~ [qij{i)\i,j=i,...,d is symmetric for every t d I and there exist 

< ?7o < A such that 

vo\e < {Qm, < Aifp, {t, oeix (2.1) 

(iii) there exists ip £ C'^(R'^) with positive values such that 

lim ip{x) = +00 and {A{t)ip){x) < a — ^ ip{x), {t,x) £ I xR'^, 

(2.2) 

for some positive constants a and 7; 

(iv) the first order spatial derivatives of bi exist, belong to C"J^'°'{I x W^) for any 

1 = 1, . . . , d, and there exists rg < such that 

(V,6(t,x)e,e) <ro|ei', {t,x)eIxR'', ^eM.". (2.3) 

Remark 2.2. Assumption (|2.3I) implies that for any [a, 6] C / there exists a positive 
constant Ca,b such that 

{b{t, x), x) < Ca,b, t e [a, b], X G R'^. (2.4) 
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Indeed, condition (|2.3p is equivalent to 

{b{t, x) - b{t, y), x-y)<ro\x-y\\ tel, x,ye M'*. 

Taking y = and observing that b is continuous, we get 

{b{t,x),x) <\\b{-,0)\\Lo^i^a,b)\x\+ro\x\^, te[a,b], a; S 

which implies (|2.4p since rg < 0. 

Hypotheses UTT] yield the existence of a Markov evolution operator G{t, s) and a 
unique {[2, Rem. 2.8]) tight evolution system of measures {nt t E 1} associated 
to the evolution operator G{t, s) (where tight means that for any s > there exists 
R> such that iit{B{0, R)) > 1 — e for any t G /). More precisely for every s G / 
and / e Cb{W^), G{-,s)f is the unique bounded classical solution of the Cauchy 
problem 

Dtu(t, x) = A{t)u{t, x), {t, x) e (s, +(X)) X M^, 

u{s,x) = f{x), xeM.'^. 

Moreover, G(-, s)f belongs to Cb{[s, +oo) x K'^) n Ci^+"/^'^+"((s, +oo) x M'^) and it 
can be represented by 

{Git,s)f)ix)^ f f[y)gt.s{x,v)dy, x e (2.5) 

for every x £ M'*, i > s G / and / e C6(M'*). In gt^s : K'' x K'' ^ M is a 

positive function such that \\gt,s{x, ~ 1 for every t > s £ I and a; G M'' f |12L 
Prop. 2.4]). 

From formula (|2.5p the following result, which is extensively used in the paper, 
follows at once. 

Lemma 2.3. For any I 3 s < t and any nonnegative and non identically van- 
ishing function f G Cb{M.'^), G(t,s)f is everywhere positive in M.'^. In particular, 
\Git,s)g\ < Git,s)\g\ for any g € Cb{R''). 

By Lemma [Q. formula (USD and the density of CbiR'') in LP(M'', ^is) we have 

\\G{t,s)f\\p.^, < ll/llp,^^, 

for every t > s,p £ [1, +00) and / G LP{R'^, yUg). Therefore, G{t, s) may be extended 
to a contraction (still denoted by G{t,s)) from LP{W^,fj,,) to LP {R'^ , fj.t) . 
The dissipativity condition (|2.3p yields the pointwise gradient estimate 

|(V,G(t, s)f){x)\P < ef'-o(*-^)(G(i, s)|V/r)(x), (2.6) 

which holds for every / G ^^^(K''), i > s, x G R'' and p G [1, +00) ([12, Thm. 4.5]). 

Other remarkable (smoothing) properties of the evolution operator G{t, s) and 
of the associated evolution system of measures {/Xt '■ t € I}, which are extensively 
used in this paper, are stated in the following two propositions and they can be 
proved assuming only IIvpotheses l2.ir iVfiii'). 

Proposition 2.4 ([T^l Lemma 3.2]). For any f G G^(R'^), which is constant outside 
a compact set, and any t £ I, the function G{t, •)/ is differentiahle in I D (— oo,t] 
and 

^G{t,s)f ^-G{t,s)A{s)f, sel, s<t. 
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Proposition 2.5 (PJ Lemma 3.1]). Let [a,b] C /. If f E Cl''^{[a,b] x K'^) is such 
that f{r, •) is constant outside a compact set K for every r £ [a, h], then the function 
r I— >■ J^j^ f{r,x)d^rix) is continuously differentiable in [a,b] and 

-J- I f{r,x)d^ir{x) = [ Drf{r,x)dfi,r{x) - f {A{r)f{r,-)){x)dfXrix), 

JR<J JRd jRii 

for every r £ [a,b]. 

The aim of this paper, as already announced in the introduction, is to study 
the smoothing effects of the evolution operator G{t, s) on functions with a certain 
degree of summability. As in the autonomous case we can distinguish different 
levels of regularization as specified in the following definition. 

Definition 2.6. The evolution operator G{t, s) is called: 

(i) "super contractive" if it maps L^iW^ , jjLs) into L'^iW^^^t) for any 1 < p < 
q < +00 and t > s, and there exists a positive decreasing function Cp^q : 
(0, +oo) — > (0, +cxd), such that lmij.^Q+ Cp^q{r) = +oo and 

\\G{t,s)\\p^q<Cp^q{t-s), I3s<t; 

(ii) "ultrabounded" if it maps iP(]R'', Us) into i°°(R'*) for every p > 1 andt > s, 
and there exists a decreasing function Cp^oo ■ (0, +oo) — > (0, +oo) such that 
limr_j.o+ Cp^oo{r) — +oo and 

\\G{t,s)f\\p^^<Cp^.^{t~s), I3s<t; (2.7) 

(iii) "ultracontractive" if it maps LP{M.'^, iig) into L°°(R'^) for every p > 1 and 
(|2.7p holds for every p > 1. 

Remark 2.7. (i) The definitions of supercontractivity, ultraboundedness and ul- 
tracontractivity given in Definition 12.61 where the functions Cp^q depend on 
t — s, seem to be the most natural. Indeed, we recall that, if T{t) is a semi- 
group, then T{t — s) is an evolution operator and the definitions above are 
the natural extension of those given in the autonomous case, 
(ii) The strong Feller property enjoyed by the evolution operator ([T21 Cor. 4.3]) 
states that G{t,s) maps L°°{M.'^) into Cf,(M'^) for every t > s and it is a 
contraction, i.e., for every / e L°°{R'^) 

||G(i,s)/||oo < ll/lloo, l3S<t. 

Therefore, if G(t, s) is ultrabounded (resp. ultracontractive) then, in fact, it 
maps LP{M.''', fis) into Cb{M.'^) for every p > 1 (resp. p> 1) and t > s. 

Throughout the paper, if not otherwise specified, we assume that all the conditions 
in Hvvotheses \2.1\ are satisfied. 

3. Supercontractivity and LSI^ 

In this section we provide two criteria to characterize the supercontractivity of 
the evolution operator G{t, s) by means of a family of logarithmic Sobolev inequal- 
ities. 

3.1. The first criterion. In this subsection we are devoted to prove the following 
result. 

Theorem 3.1. The following properties are equivalent. 
(i) The evolution operator G{t, s) is supercontractive; 
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(ii) the family of logarithmic Sobolev inequalities 

f log (Ji^) df^^x) < e\\ |V/| + mWfWi^. (LSI,) 

holds for every f E H^(R'^, fj^g), s £ I, e > and some positive decreasing 
function j3 : (0, +oo) — > (0, +oo), blowing up as £ — > 0+. 

The proof of Theorem 13.11 is based on the following two propositions. In the 
first one, we prove a logarithmic Sobolev inequality satisfied by the evolution op- 
erator G{t,s), namely a LSI type estimate satisfied by the probability measures 
gt^six,y) dy in place of the invariant measures /is- 

Proposition 3.2. For every f £ C^(R''), p e [2, +oo) and t,s € I, with t > s, we 
have 

G{t, log m <^(i - e2'^°(*-^))G(t, s)(i/r2|v/n 

+ (G(t,s)|/r)log(G(t,s)|/|P). (3.1) 

Proof. We can limit ourselves to proving p.ip for p = 2. Indeed, for every p > 2 and 
/ S C^(R'^), the claim can be obtained applying p.ip with p = 2 to the function 
|y|p/2^ Moreover, it is enough to prove (I3.ip . with p = 2, for nonnegative functions 
/ G C^(K'^) with supjgd / < 1, taking into account that (by (12.51) 1 G{t, s)c = c for 
every c G M. To this aim we introduce a standard sequence of cut-off functions 

9n{x) = T] (^M^ , xem.'^, ne N, (3.2) 

where r] G C°°(R) and X(-oo,i] <V < X(-oo,2]- 

Fix X G M'', s,i G /, with s < t, and a nonnegative function / G C^(R'^) with 
ll/lloo < 1, and consider the function 

F„{r) - {G(t,r)[0„(G(r,s)/)2log(G(r,s)/)2]}(a;), s < r < 

which is well defined by Lemma [^31 For any s < r < t, Fn{r) converges to F{r) = 
{G{t,r)[{G{r,s)f)^\og{G{r,s)f)^]}{x) as n +oo, by the monotone convergence 
theorem (see (|2.5I) '). Moreover, since the function 0„(G(r, s)/)^ log(G(r, s)/)^ be- 
longs to G^(R'^) for every r > s and it vanishes outside B{0,2n), by Proposition 
12.41 and the formula 



A{r){g^ logg2) = 2.g(l + \ogg^)A{r)g + 2(3 -I- log g^){Q{r)Vg,Vg), 
which holds for every positive function g G G^(R'') and every r G /, we get 

F:,{r) = - {G{t, r) [20„(3 + log(G(r, s)ff){Q{r)\/,G{r, s)f, ^ ,G{r, s)f) 

+ {G{r,s)ff\Qg{G{r,s)ffA{r)en 

+ 4(G(r, s)/)(log(G(r, s)ff + l)(Q(r)V0„, V,G(r, s)/)] }(a:) 
= : /i.„(r) + /2.„(r) + /3,„(r), 
for any r G [s,i]. Using the dominated convergence theorem, we have 
hrn /i,„(r) - -2{G(t, r)[(3 + log(G(r, s)ff){Q{r)^,G{r, s)f, \/,G{r, s)f}]}{x). 

Similarly, since V0„ vanishes uniformly in M'', as n — )■ -l-oo, we easily conclude that 
l3,n{r) tends to as n +oo. Now, let us consider the term /2.„; by (|2.4I) . we can 
estimate 

1 



(^(r)0„)(x)> 2 



(3.3) 
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for any n e N, x e and any r e [s,t], where C = c?A(2||77'||oo + ||?7"||oo)- 
Therefore, recalling that (G(r, s)/)^ log(G(r, s)/)^ < 0, we conclude that 

liminf I2 n{r) > 0. 

n— ^+00 ' 

Summing up, we have proved that 

liminf F^(r) > - 2{G(t, r)[(3 + log(G(r, s)ff){Q{r)^,G{r, s)f, V,G{t, s)f)]}{x) 
>-6A{G(t,r)(|V,G(r, 

for any r € [s, i] and any x G M''. Since the sequence i^^ is bounded from below by 
a constant, from the Fatou lemma we can conclude that 

F{t)-F{s)^ lim {Fn{t) - Fn{s)) 



> / liminfF;(cr)dcr 

J g n— !-+oo 



>-6A j {G[t,r){\V^G{r,s)f\'')}{x)dr. 
Using the gradient estimate (|2.6p we get 

F{t) - F{s) > - 6A(G(t, s)|V/n(a;) /* e^'^of'-^^dr 



OA 

and 10 follows. □ 



Next proposition shows that the boundedness of G{t,s) from LP{1S.'^,^s) into 
L''(R'^, /Xt), for any t > s, yields a family of logarithmic Sobolev inequalities satisfied 
by the system of invariant measures {^t ■ t G I}. The key tools used in the proof 
are estimate p. II) and the Riesz-Thorin's interpolation theorem. 

Proposition 3.3. Assume that, for every s E I, t > s and 1 < p < q < +00, 
Gp^q{t,s) := \\G{t,s)\\p^g < +00. Then, 

+ ^^^^^og{CpJt,s))\\f\\l^^, (3.4) 

for every s £ I, t > s, f E H^{M.'^, fig), where tq is the constant in (|2.3p . 

Proof. The proof can be obtained adapting the arguments in the proof of |17l Thm. 
2.1(1)]. For the reader's convenience we enter into details. 

We split the proof into two steps. In the first one we show that it suffices to 
prove (|3.4p for functions / e G^(M'^) such that ||/||2,At» — 1- In the second step, we 
get estimate (|3.4p for such functions. 

Step 1. For notational convenience, we set 

Mi(i,s) = ^Mi^(i_e2'-o(*-)), M^it^s) = ^^S_log{Cp^,{t^s)). 

\ra\{q-p) 2{q-p) 

We assume that inequality p.4p holds for any function / e G^{R'^) such that 
||/||2,/i, = 1, and we show that it actually holds for any / £ H^{M.'^, Hs)- For 
this purpose, let / £ iJ^(K'^,/is) satisfy ||/||2,/i, = 1, and consider a sequence 
{fn)n G G^(R'') such that ||/„ — f \\h^ {«.'', fj.^) tends to as n +00 (see [2J Lemma 
2.5]). Without loss of generality, we can assume that ||/n||2./j, = 1 for any n £ N. 
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Up to a subsequence, converges to f{x) for almost every x € R'^ as n — > +00 

and 

/2 log \fn\d^^six) < Ahit, s) f \VU\^d^lAx) + ^Ut, s), 

for every n e N. Let us split /^log|/„| = /2log+|/„| - /^| log |/„| |x{|/„|<i}, 
where log^(r) — max{log(r), 0} for any r > 0. Since /,j|log|/„|| < (2e)~^ = 
sup^g^Q 2] 2;^ I loga;| for any n € N, the dominated convergence theorem yields 



lim / fJ\og\fn\\X{\u\<i}dtJ.s{x) ^ / I log |/| |X{i/|<i} dAts(a;). 
Thus, by Fatou lemma we deduce that 

/ fl0g+\f\dfls{x) 

< hminf f Mi(t, s) f |V/„p d^i^ix) + Ahit, s) + [ /2| log |/„| |x{|/„l<i} dfis{x)] 
=Mi{t,s) f \Vf\^diis{x)+M2{t,s)+ ( f\\og\f\\x{\f\<i}diis{.x), 



which leads immediately to p.4p . 

Finally, the condition || / II2 ^ =1 can be removed applying (I3.4p to the function 

/(II/I|2,mJ-'- 

Step 2. Let us prove the claim for / e Cl{W^) such that ||/||2.ai, = 1- The 
starting point is formula p.ip with p ~ 2 which yields 

G{t, s){f log/2) < 1^(1 _ e'Mt-sy^G{t, s)|V/p + {G{t, s)f) \og{G{t, s)f), 

(3.5) 

for any s,t g /, with s < t and any / e Cc(M''). Integrating ([XS]) in M'' with 
respect to the measure /if and using (|1.3p . we get 

/ /2fog/2d^,(a;)<i^(l-e2'-°(*-^)) / |V/|2d;i,(x) 

+ [ {G{t,s)f)\og{G{t,s)f)d^lt{x). (3.6) 



Let us fix 1 < p < q < +00. By assumptions, ||G(t, s)||p_j.g = Cp_q{t,s) < +00, 
for every t,s G I such that t > s. Since ||G(t, s)||i^i < 1, from the Riesz-Thorin's 
interpolation theorem we get that 

||G(t,s)/||,,,,,, <((7p,,(t,s))'-'i/||,„^,, (3.7) 

for every / e L^'(R'',/is) and h E (0, 1 — where 

r/j = -e(0,l, — ==l-r,iH , — = l-r,iH . 

P - 1 P/i P 9ft q 

Fix / e Cfc(M'') such that ||/||2,^, = 1. Then, from and, since pn = (1 - /i)"\ 
we have 

(G(t,s)|/p(i-''))«'-d/,,(a;) < (C•,,,(^,s))'■-'^^ t > s, 

which holds also for = 0. Consequently, 
1 



(G(t,s)|/|2(i-''))«'-dMt(x)- / G{t,s)\J\^dtit(x) 

JR'' 

l.(^JjGit,s)\f\^('-'^yrdMx)-i^ 
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<l{CpAt,^)r''-^)- (3.8) 

The first and the last sides of (|3.8|) represent respectively the incremental ratio at 
h = of the functions h ^ ||G(t, s)|/|2(i-'')||9;;_^^ and h ^ (C'p,,(t, s))'■''9^ Since 
these two functions are differentiable at /i = 0, we immediately deduce that 



qip-l) 



G{t,s)f'\og{G{t,s)f')dMx)~ / G{t,s){f' log f')d^it{x 



<^log(C'p,,(i,s)), 
or, equivalently, since {^t : i G /} is an evolution system of measure, 

+ ^log(C'p,,(i,s)), 



which, replaced into (j3.6p . yields 



roi q-p 
pq 



^og{Cp,g{t,s)), 



2{q-p) 

and the claim is proved. □ 

Proof of Theorem \3.1\ "(i) (ii)" By Proposition 13.31 if G{t,s) is supercontrac- 
tive, then the following family of logarithmic Sobolev inequalities 

fHogf^dii,{x)<r{t~s) I |V/|2d^,(x)+^(t-s), (3.9) 
holds for every s £ I, t > s, and / G Cj^(K'') with ||/||2.p, = 1- 

Since Cp^q{t^ s) ^ 

Cp,q{t — s), in formula (|3.9D we have 

_ ,) = ''^f-^h l - e^-(-^)), ^(t - ,s) = ^ log(C,,,(t - .)). 

kol(g-p) q-p 

/3 is a positive function defined in (0, oo) and 2 < p < q. 
Inverting the function r we obtain 

where r = T^rpr— f- Thus ( |LSIe[ ) holds for every e £ (0,r) with 



Inil(g-p) 

/3(e) = log 

9 



C,,(^log('l + ^5fc4s 



2ro 4A(g-l) 



Clearly we can extend dLSIgD to any e > and any / e H^{M.'^, fig) by setting 
/3(e) = lim^_^-- f3{r) for any e > r , and using a standard approximation argument. 



"(m) (i)" Assume that estimate ([LSQ holds for every / e H^{R'^,fis), s e /, 
e > and some positive decreasing function /3 : (0, +oo) — >■ (0, +oo). Then, for 
every / G C^^(R''), p G (l,+c») and s G J, writing ([LSg for the function 
we have 

/ l/riogfJn^) d^,,ix)<eU l/r'|V/pd/i.(a:) + ^11/11^,^^. (3.10) 
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Using (|3.10p we deduce supercontractivity of G[t, s). Indeed, let e > 0, / G CliW^) 
be nonnegative and non identically vanishing in p e (1, +oo) and s G /; we set 

g(t):=e2''»-"'(*-^)(p-l) + l, m(i) := 2/3(£) (p-i - , (3.11) 

l/9(t) 



for any t > s. To prove that G{t, s) is supercontractive, we show that is a non 
increasing function. We would like to differentiate the function H and show that its 
derivative is nonpositive in (s,+oo). Unfortunately, we can differentiate functions 
of the type 1 1-^ J^^ ipd^t only when ip is constant outside a compact set, which, in 
general, is not our case. For this purpose we use an approximation argument and 
introduce the functions (n G N) defined by 



H,,{t) e-™(*) (^^^ 0„(G(<, s)/)''^*) dfit{x)^ 



l/9(t) 



where 6'„ is defined in (|3.2p . From Proposition 12. 5[ for every n G N, the function 
H„ is differentiable for t > s with derivative given by 

H^{t) = H„{t){-m'{t) + (p„(i)), t > s, 

where 



^n{t) = (^^^0„(G(i,s)/)«(*)d/itW) 



^ / 0„(G(t,s)/)'(*)log(G(t,s)/)dAit(x) 

- (^^ ^«(G(t, s)/)«(*)dM,(x)) log (^^^ 0„(G(t, s)/)^(*)dM,(a;)) 

-(g(t)-l) / 0„(G(i,s)/)«(*)-2^g(i)V,G(t,s)/,V,G(i,s)/)d/zt(a;) 



-4y / (QWV.((G(t,s)/)'(*)),V0„)d;t/*(x) 

Using p.3p we can show that limsup„_j.^Q^ ^n{t) < ipit) for every t > s, where 
m--=(f {G{t,s)f)''<^''>dMx)) / iG{t,s)fr^'hogiG{t,s)f)dMx) 



-(g(t)-l) / (G(t,s)/)«(*)-2^g(i)V,G(t,s)/,V,G(t,s)/)dMt(a:) 

Writing 



and letting n — > +cx) yields 



H{t)-H{s)< / i?(cr)(-m'(cr) +^(CT))dcr. (3.12) 
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From (I2.ip we get 

{G{a,s)f)''^-hog{G{a,s)f)d^i^{x) 
(G(a, s)fy<^''U^i^{x)] log ( [ (Gia, s)fY'^-U^l,{x] 



Now, applying the logarithmic Sobolev inequality p.lOp with G{(j,s)f and q{a) in 
place of / and p respectively, we get 

q{a) [ V 2 gf'(cr) 
X / (G(a,s)/)«(-)-2|V,G(fT,s)/|2d^,(x) 



'2^-m'(a)l^) / (G(a, 
= 0, 

by the definition of q and m given in p. 111) . Therefore, from p.l2p we deduce that 
H{t) < H{s), so that H is nonincreasing, i.e, 

l!G(t,.)/||,(,),^, <e^''(^Hf-^)||/||p^^^. (3.13) 

Now, for any q > p and t > s, we fix e = 2r]o{t — s){\og{{q — l)/{p — 1)))^^. We 
thus deduce that q{t) = q and, from p. 131) we obtain 

\\G{t,s)f\\,.^^,<CpJt-s)\\f\\p,^^, 

with 



Gp,,(r) = exp 



pq \ \ \p-l 



r > 0, 



which is a decreasing function since /3 is decreasing as well. 

The density of C^(R'^) in LP{M.'^,iIs) allows us to complete the proof. □ 

3.2. A second criterion. Here we show that the integrability with respect to the 
measures {^it '■ t (z 1} (uniform in t) of the Gaussian functions fxix) :— e^'^' for 
every A > is another condition equivalent to the supercontractivity of G(i, s). To 
this aim we first prove some preliminary results. The first proposition, whose proof 
is an adaption of Ledoux's method |13) to our setting, yields some exponential 
integrability result. A more general result than next Proposition 13.41 has been 
proved in |10j . in the autonomous setting still assuming the validity of the ( |LSIeD , 
where the evolution system of measures is replaced by a unique invariant measure. 

Proposition 3.4. The function x i— > e'**'^' belongs to L^(R'^,fis) for every A > 0. 
More precisely, 

sup / e^^^'^d^isix) < +00, A > 0. 
sei JR'i 

Moreover, if the inequality dLSIgD holds, then ipx G L^{M.'^, fig) for every A > and 
sup / ipx{x)dfj,s{x) < +00, A > 0. 
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Proof. For every n E N, let ipn ■ [0, +00) — R be a smooth increasing function 
such that Vn(^) = t for any t E [0,n], ipn{t) = n + 1 for any t > n + 2 and 
< 'ip'ni't) ^ 1 foi' t > 0. The functions fn{x) '■— ^{}n{\x\) are bounded and 
satisfy || |V/„| ||oo < 1 for any n S N. Moreover, fn{x) converges increasingly to 
fix) := \x\ for any x E M.'^, as n +00. Fix s G /, A > and n E N. We set 

K.xir) = ^ I e^^f-fndfi,{x). (3.14) 



Applying the logarithmic Sobolev inequality (ILSI|) to the function e^''^"/^ and using 
(EIll), we get 

rKAr) - i7„,A(r) logi7„,A(r) < / e^^^"|V/„pd^,.(a;) < ^_^i/„_;,(r), 



for every n e N. Now, dividing by r^Hn,x{r) we have 

-logi7„a(r)j =-]^-^l°g^",A(.)<— . (3.15) 

Integrating p.lSp from 1 to 2 with respect to r we deduce that 

ir„,A(2) <e^^'(i/„,A(l))'. 

Since the evolution system of measures {/if : i e /} is tight, we can choose M > 
such that /is(]R'' \ B(0,MA"i)) < (4e'^^')"i for every s e /. This fact and the 
monotonicity of V'n imply that 

^is{{\fn > M}) < fis{{\f > A/}) = fis{^''\B{0,MX-^)) < (4e^^')-i, 
for every s E I. Now, 

J{\fr,>M} J{\f„<M} 

< (a^s({A/„ > A/}))^ (^^^ e2^^"d/i,(a;)^ ' + e*^ 
<2-iff„,A(l) + e''. 

Hence, /j^^ e'^-f"dfis{x) < 2e*^ for any s E I, and letting n — > +00 we get the first 
part of the claim. 

In order to prove the second part of the claim assume that ( |LSIe[ ) holds and, for 
brevity, we set Hn := Hn^i- Arguing as before and applying dLSIgD to e''^"/^, we 
get 

'-loMr))' ^ - ^1 + 2^' (3-16) 

r J T Hn(r) 2 

for every e > and n E N. Integrating p.l6p from 7 to cr we deduce that 

ilogiJ„(a)-ilogi?„(7) < ^(a - 7) + 2/3(£) (--- 
Therefore, for every < 7 < ct and e > 0, 



Hn{a) < exp ( + ^ [ ^ " if + 'Pi^) ) ~ 2/3(£) ) . (3.17) 
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Now, we observe that 

Moreover, by (I3.17P 

H^{a)e~^da < f e^^(f " H^^' ' da, (3.18) 



which is finite for every < A < ^ and n E N. By the arbitrariness of e and 

observing that sup^g/ ll^'^' 'lli^J^ < +00, by the first part of the proof, we deduce 
that 

e^f^'^^^dfj.six) <K, A > 0, n e N, (3.19) 

for some positive constant K, independent of s. Finally, we get the claim by the 
monotone convergence theorem letting n — > +00 in (j3.19p . □ 

Remark 3.5. (i) Actually, formula p.l8p shows that, just assuming the valid- 
ity of the estimate (jLSip . one can deduce that the functions if\ belong to 
L^iW'-^^s) and sup^g^ Hv'aIIi.^i, < +00 for every A < {2C)~^ where C is the 
constant in (|LSip . 

(ii) We point out that in the proof of Proposition 13 .41 we have not used the invari- 
ance of the measures {/it : i € /}. 

Next proposition is an Harnack-type estimate satisfied by the evolution operator 
G(i, s). The proof of this result is essentially based on the gradient estimates (j2.6p 
and extends the method used in |19j to the nonautonomous case. 

Proposition 3.6 (An Harnack-type inequality). For every f € Cf,(M''), p > 1, 
t > s and x,y E M'* we have 

\{Git,s)f)ixW < (G(i,.)|/r)(2/)exp . (3.20) 

Proof. Since \G{t,.s)f\ < G{t,.s)\f\ for every / e Cb{R'^) and t > s, it sufhces to 
prove p.20p for nonnegative functions /. 

We split the proof into two steps. In the first one we prove p.20p for nonnegative 
functions / £ C^(K'^). In the second step, by standard approximation arguments 
we extend (I3.20p to every nonnnegative function / € Cb(]R''). 

Step 1. Let / e CliW^) be a nonnegative function. Fix t> s, x,y eW^ and set 

<i>„(r) {G{t,r)[e.r,{G{r,s)fY]}{,l;{r)), s<r<t, 
where 0„ is the sequence of cut-off functions defined in p.2p and 



V'('') ^^-j^j y + 2;, s<r<t. 

By Lemma 12.31 and Proposition 12. 4[ the function log is well defined, it belongs 
to C^{{s,t)) for every n E N and there exist no € N and a positive constant C$ 
such that "I>„(r) > C$ for every n > uq and r E [s,t]. This last assertion follows 
since $„(r) > for every r < t and $„(t) = {dn{G{t, s)f)P){x) for every n E N. 
Hence, choosing n large enough such that x E supp 0„ we conclude. 
Differentiating the functions r i-> log$„(r) (ri E N) in {s,t) we get 

|-log<i>„(r) = ^1 - {Git,r)[Air)ie„{Gir,s)fr)]mr)) 

+ {G{t,r)[0MG{r,s)fr]}{ij{r)) 

+ J—{\/,[G{t, r){9^{G{r, s)/)f )](V.(r)), x-y)]. (3.21) 

t — s 
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Let observe that, if g ~ G(-, s)/, then 

Drg^ - A{r)gP = ~p{p - l)gP-^ {Q{r)\/ ,g, V ,g) 

and 

|V,G(t,r)(0„/)| < G(<,r)|V,(0„.gP)| 

<G{t,r){\V9^\gP^p,^-''^e,,gP-'\Q''\r)V^g\), 
where in the last inequahty we have used (|2.6p and (|2.ip . From p.2ip we get 

-^log$„(r) 
ar 

^ -Tirrrl^^*' [(^('^' + 2p (G(r, s)fY-^ (Q(r)V0„, V,G(r, s)/) 

+ p{p - l)0„(G(r, s)/)f-2(Q(r)V,G(r, s)/, V,G(r, s)/)] 

+ |V0„|(G(r, }(V.(r)), 

hence, 

|:log$„(r) 

where 

=(G(r,s)/r (|Tr(g(r)i?20„)| - (fo(r, •), V0„)) 

+ 2p(G(r, s)ff-'\ (Q(r)V^^„, V,G(r, s)f) \ + | V(?„|(G(r, s)fY 

t ~ s 

and /i(r) = {G{r,s)f)-^\Q^/^r)V^G{r,s)f\. Since 

(6(r,a;),V0„(x))>r;'fM')^, 
\ 71 / 

where Cg^t is the constant in (|2.4p . we can estimate 

5nM < ^ll/IIL + -(2MII/IIL-'II |V/| Hoc + ^^II/IIL) (3.22) 

for every r e [s,i], where d = dA(2||?7'||oo + h'lloo) + \W\\ooCg,f 

Recalhng that 7^ - /37 > -;3^/4 for every ^, 7 e R and G{t, s)gi > G{t, s)g2 for 
every t > s \i gi > g2 (see Lemma 12. 3p from p.22p we deduce that 

— log$„(r) < ^ ^ ' ^' 



dr G<i> 4(p- l)77o(t-s)2' 

for every n > Uq. Integrating with respect to r between s and t we get 
I / N , I / N G(n) , . p\x — y\'^ 

G$ 4(p - l)?;o(i - s) 

and p.20p fohows letting n — > +00. 

Step 2. Let / € Gh(]R'*) be a nonnegative function; we can consider a sequence 
{fn)n C G^(M'') of nonnegative functions converging to / uniformly on compact 
sets of M'^ and such that ||/n||oo < ll/lloo- Then, by Step 1 we have 

p\x-y\'^ 



|(G(t,s)/„)(x)r <(G(i,s)|/„r)(y)exp 



4(p-l)r;o(t-s) 
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for every t > s ^ I and x,y E M''. Taking into account formula (12.51) . this yields 
the claim by the dominated convergence theorem. □ 

The second announced characterization of the supercontractivity of G(t, s) is 
given in the following theorem. Its proof is based on Propositions 13. 4[ 13.61 and also 
on the first criterion given in Theorem 13. II 

Theorem 3.7. The following properties are equivalent. 

(i) The evolution operator G{t, s) is supercontractive; 

(ii) the function <fx belongs to L^{W^, fig) for every A > and s G /. Moreover, 

swp\\(px\\i,^, < +(x>, A>0. (3.23) 



Proof, "(i) =^ {ii)" Theorem 13 . II and Proposition 13.41 show that, if G{t, s) is super- 
contractive, then (fx belongs to L^(R'^, /i^) for every A > and any s e / and (|3.23p 
holds true. 

"(ii) (i)" Let us assume that p.23p holds true and denote by AI\ the supre- 
mum in the left hand side of such an inequality. Integrating the Harnack inequality 
(I3.20p with respect dfit{y) and recalling that {/it : i € /} is an evolution system of 
measures, we get 

\fiyrd^isiy) =^ I {G{t,s)\f\n{y)d^Jit{y) 



> \{G{t, .s)f){x)\P J^^ e-^-oiP-m^-s) d^i,(y) 

> \{G{t, s)f){x)\PMB{0, r)) e- ^.o't'i'rA) , (3.24) 
for every t > s, r > 0, x,y e M'*, and / G Cb(M''). Hence, 

|(G(^,.)/)(x)|<2exp( ^^^^^'_+J^|'_^^ )||/||,,^,, t>s, xem", (3.25) 

where R is such that /it(i3(0, i?)) > 2~p, for any t £ I. Let us now fix g > p and 
set Aq = (277o(p — l)(t — s))^^q. By p.25p we can estimate 

\{G{t,s)f){x)\'^d^it{x) < [ ^Mp^m---^) ) "^^""^■'^^"^"^■'^^ 

=:Cp,,{t-s)\\f\\l^^^, (3.26) 

for any I 3 s < t. Now, it is clear the monotonicity of the function r i— >■ Cp^q{r) 
and that, by density, we can extend the previous inequality to any / G LP(M'^,/is). 
This completes the proof. □ 

Our aim is now to provide a sufficient condition for the supercontractivity of the 
evolution operator G{t, s). First we prove a preliminary lemma. 

Lemma 3.8. Assume that there exist /3 > and R > 1 such that 

{b{t,x),x) <-K\x\^{\og\x\^f, t£l, \x\>R. 

Then, any positive tp\^s G C^{W^) which agrees with the function x i— > e'*''^' (logkl ) 
for any x e R'^ \ B{0,R), is a Lyapunov function satisfying (j2.2D for every A < 
K{2A)-^, ifS = P, and for every A > 0, if S e [0,/3). 
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Proof. A straightforward computation shows that 

{A{t)^x,s){x) = 2AV^x5(x)|2A(log \x\^)^\Q{t)x, x) + 2^2^(105 \x\''f^-^Q{t)x, x) 

+ A5\{\og \x\'f'-^Q(t)x, x) + Tr(Q(0)(log \x\y 
+ 25(log |,|2)^^i (QWp^) + <5Tr(Q(0)(log \x\y-' 

S-2 {Qi.t)x,x) 



+ 2(5((5- l)A(log|x|") 

FT 

+ a:), x) (log IxH* + 5 x), x) (log l^n^-i 
< 2X^^^,{x)\ 2AA|xp(log \x\y' - if|xp(log \x\y+' 
+ o{\x\'{\og\x\'f+') 



as |x| — >■ +00. Hence, the function in brackets tends to —00 as |x| — >■ +00, if 7 and A 
are as in the statement of the lemma. It is now immediate to show that there exist 
two positive constants a = a(A,(5) and 7 = 7(A, (5) such that A{t)ip\,s < a — "Jipx^s 
for any t e / and ((^ holds. □ 



Theorem 3.9. Assume that there exist Ki > and R > 1 such that 

{b{t,x),x) < Ki\x\^log\x\, teI,\x\>R. (3.27) 
Then, the evolution operator G{t, s) is supercontractive. 

Proof. In view of [12, Thm. 5.4], the proof is an immediate consequence of Theorem 
13.71 and Lemma 13.81 □ 

Remark 3.10. The condition (13.271) is quite optimal. Indeed, the autonomous 
operator {A(){x) — A({x) ~ {x,\7({x)) does not satisfy it and, in fact, it is well 
known that the associated Ornstein-Uhlenbeck semigroup is not supercontractive 
with respect to the Gaussian invariant measure dfx{x) — (27r)^'^/2e^l^l ^^dx, as 
proved in |16j . 

4. Ultraboundedness 

In this section we provide a condition equivalent to the ultraboundedness prop- 
erty of the evolution operator G{t, s). As in [U |T71 [121 [H]), which deal with the 
autonomous case, we use the Harnack type estimate (|3.20p satisfied by G{t, s) to 
get ultraboundedness of G{t, s). However, we need to strengthen assumption (j2.2l) . 
as next theorem shows. 

Theorem 4.1. Assume that, for any A > 0, there exist R — R{\) > 0, a convex 
increasing function h\ : [0, +00) — R such that l/h\ £ L^{c, +qo) for large c = c(A) 
and 

iAit)ipx){x) <-hx{ipx{x)), teI,\x\>R, (4.1) 

where ipx is the Gaussian function defined by ^px{x) := e'^'^' for any x G K"^. Then, 
G(t, s) is ultrahounded and it maps LP{W^,tJLs) into Cb(R^) for every p > 1. 

Proof. We prove the claim for p e (1,2]. For p > 2, estimate (j2.7l) will follow from 
the Holder inequality. We split the proof into two steps. First, we consider the case 
p = 2 and, then, the case p G (1, 2). 

Step 1. An insight into the proof of [131 Thm. 3.3] (see also [1, Thm. 4.3] for 
further details) shows that, under our assumptions, the function t M> {G{t, s)ipx){x) 
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is well defined for each t > s and x € M'*, and G{t, s)lp\ E L°°(R'^) for every t > s 
and A > 0. More precisely, if for every 6, X > we set 

Ms,x sup iG{t,s)ipx)ix), (4.2) 

t-a>S 

then Af^-^A turns out to be a positive constant independent of t and s. This is 
enough to establish (j2.7p with p = 2. Indeed, integrating both sides of estimate 
p.20p (with p — 2) with respect to dfitiu) and arguing as in the proof of Theorem 
13.71 we get 

\{G{t,s)f){x)\ < 2exp (^^;^^) ll/ll2,M.' t>s, xeR'', 

where R is such that fit{B{0, R)) > j. Hence we obtain 

\\G{t, s)/||oo = \\G{t, {t + s)/2) G ((t + s)/2, s) /|U 

< 2e^^^ \\G [t, {t + s)/2) ifixo Hoc, (4.3) 

for every / e Cb{M.'^) and for Aq 2Mt-s) - Formulas (g^) and (gS]) yield 

||G(t,s)/|U<C2,oo(i-s)||/||2,^,, t > 5, / e a(R'^), (4.4) 

with 

^(t ~ s) = 2e^''o(^-°) A/t-e 1 . (4.5) 

2 ' 2„o(t-s) 

The monotonicity of the function r i— > 6*2,00 (^) is immediate consequence of the 
fact that Ms^.Xi < Af^i.Aaj for every < 61 < S2 and < Ai < A2, as it can be 
easily proved. 

Now, let / e L2(]R'*,//,) and consider /„ e Cfc(M'') converging to / in L^{R'^,fj,,) 
as n ^ +00. Since G{t, s) is a contraction from L^(R'^, ^g) to L^(M'', /X(), G'(i, s)/„ 
converges to G{t, s)f in L^(R'*, /it) as n ^ +00. Moreover 

|lG(t,s)/„-G(i,s)/,„||oo <C2,oo(t-s)||/„-/„||2,^,, (4.6) 

for every t > s, and n,m G N. Formula (j4.6p yields that the sequence G{t,s)fn 
converges uniformly in R'^ to some function g G Gf,(R'^) and that g = G{t,s)f. 
Then, we conclude writing (j4.4[) for /„ and letting n — > +00. 
Step 2. To prove (|2.7p when p E (1,2), we observe that 

'fX,ndfJ.s{x)^ / G{S + l,s)ipx,ndfJ.s+l{x), 

for any A > 0, any s £ I and any n € N, where (px,n = niinj^jA, J^}- Letting 
n — >■ +00 and using (14. 2p with 6 = 1, we obtain 



ifxdfisix) = / G(s + l,s)93A'iA^s+i(a;) < Mi,A, s e /. 

Hence, condition (j3.23l) is satisfied, and Theorem 13.71 shows that the evolution 
operator G(t, s) is supercontractive. Therefore, 

\\G{t, s)/||oo =\\G{t, {t + .s)/2)G((t + s)/2, s)/|U 

<||G(t, (t + s)/2)||2^oo||G((t + s)/2, s)/||2,^,,^,,,, 
<G2,oc((i - .s)/2)Gp,2((t - s)/2)||/||p,^^, 

for any / S L^'(R'^, /i^) and any s,t E I with s < t. This completes the proof. □ 
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Remark 4.2. Each function ipx, as in Theorem l4.11 satisfies HvDothesis l2.1f iii'). i.e., 
it is a Lyapunov function for the nonautonomous elliptic operators A{t). Indeed, 
since h\ is a convex function which tends to +00 as r — >■ +cxi, there exist > 
and 6a € K such that h\{r) > a\r + b\ for any r > 0. From (j4.ip it thus follows 
that {A{t)ifx){x) < ~ax(px{x) + bx for any t e / and any a; G M'' \ B{0,R). Up 
to replacing bx with a larger constant, if needed, we can assume that the previous 
inequality is satisfied by any x e M'', so that (|2.2p is satisfied. 

From [121 Thm. 5.4], we deduce that sup^gj ||</'A||i,/i3 < +00 for any A > 0, and 
this gives an alternative proof of the first part of Step 2 in Theorem 14.11 

As a consequence of Theorem 14. II we now provide a sufficient condition for G(t, s) 
to be ultrabounded. 

Theorem 4.3. Suppose that there exist three positive constants K2, a > 1 and 
Rq > 1 such that 

{b{t,x),x) <-K2\x\''i\og\x\r, teI,\x\>Ro. (4.7) 

Then, G{t, s) is ultrabounded. 

Proof. A straightforward computation shows that 

iAit)ipx){x) = 2Xipx{x) [Tr(0(i)) + 2X{Q{t)x, x) + (6(i, x),x)] 

< ~2Xipxix) [K2\x\^(log \x\)" - 2AA|:e|2 - Ad] , 

for any t G I and any x E M.'^ \ B{0, Rq). Let now Ca be a positive constant such 
that 

2AAy2 < ^y^^logy)'- + y> Ro. 

Then, 

iAit)ipx)ix) < -XMx) [X2|a;|'(log|a;|)" - 2C„ - 2Ad] - -gxiMx)), 

for any t e I and any x G M'^ \ B{0, Rq). Here, 

gxiy) = V [if22-" log y(log(A-i logy))" - 2AC„ - 2AAd] , y > e\ 

gx is a convex function in the interval [e^, +cxd) and, since gx{y) ^ y log y(log(log y))" 
as y — +00, l/.gA is integrable in a neighborhood of +00. On the other hand, gx 
is not increasing in [e^, +00) since g'x{e^) — —2{Ca + Ad). To overcome this dif- 
ficulty, let us introduce the function hx = 9\{yo,\)X[o,yo.x] + 9\X(yo.^.,+oo), where 
2/0, A > is the point where the minimum of the function ^a is attained. Clearly, 
hx is a convex and increasing function in [0, +00) which equals ^a in [2/0, a, +00). 
Moreover, hx < gx in [e^,-|-oo), therefore {A{t)(px){x) < —hx{(px{x)) for any i e / 
and any |a;| > Rq. We can thus apply Theorem 14. II □ 

Remark 4.4. The condition (|4.7p is rather sharp. Indeed in ^TT], the authors 
consider the autonomous operator {A(){x) = A({x) — {\i'^{x),\/C{x)) , where $ is 
such that e~* G L^{R'^), and prove that, if ^{x) ^ \x\'^log\x\ as +00, then 

the semigroup T{t) associated to A in Cb{R'^) is not ultrabounded in the Lebesgue 
spaces with respect the invariant measure dfi{x) = \\e~^\\i^e~^^-^^dx. 

The Harnack type estimate (jX^ and the fact that G{t,s)(px e L°°(R'^) for 
every A > and t > s represent the key tools used in the proof of Theorem 14.11 
to get ultraboundedness. Hvpotheses 12.11 are enough to prove the Harnack formula 
((3:20)) . On the other hand, to prove that G{t,s)ipx € L°°(R'^) for every A > 
and t > s we have strengthened our assumptions requiring the additional condition 
(|iT|) . The condition G(t,s)ipx € L°°(R'^) for every A > and i > s is optimal 
to get ultraboundedness of G{t, s) for every t > s. The proof of this fact is based 
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on the occurrence of the family of logarithmic Sobolev inequalities p.4p and the 
consequent measure concentration result proved in Proposition [231 

Theorem 4.5. The evolution operator G(t, s) is ultrabounded if and only if, for 
every A > and t > s, the function G(t,s)(p\ belongs to L°°(R'^) and, for any 
S, X > 0, there exists a positive constant Kg x such that 

\\G{t,s)ipx\\oo<Ks^x, s,teI,t-s>S. (4.8) 

Proof. In view of the proof of Theorem 14. II the "if" part of the statement is true. 

Conversely, if G{t,s) is ultrabounded, then it is bounded from L'''{M.'^, fig) into 
L'^{M.'^, ^t) for every t > s and \ < p < q < +oo, and 

\\G{t,s)\\p^q < \\G{t,s)\\p^^ < +C30. 

By Proposition 1331 the logarithmic Sobolev inequality ( |LSIe[ ) holds. Consequently, 
from Proposition 13.41 we deduce that ip\ e i^(M'^,/Lts) for every A > and s £ I, 
and supggj ||<y5A||i,;^^, < +oo. Therefore, 

\\G{t,s)^x\\oo < ||G(i,s)||2^oo|bA||2,p. - \\Git,s)h^^\\ip2x\\l^^ < +0O, 

for any t > s and A > 0. 

Now, fix (5 > and let t — s > S. Since the function r i— >■ C2.oo(f') is decreasing, 

1 /2 

we get (113) with Kg^x = C2,oo{S) sup^^j ||'^2a||i'^^- □ 

5. Ultracontractivity 

In this section we assume the following additional assumption on the drift term 
of the operators A{t). 

Hypotheses 5.1. There exist three positive constants K^, R and k > 2 such that 
{b{t,x),x) < -Kslxl'^, t£ I, X eW^\B{0,R). (5.1) 

5.1. L^-L^ integrabiUty. To begin with, let us give an estimate of the asymptotic 
behaviour of the function /3 defined in ( |LSIeD near zero. 

Proposition 5.2. Under Hvvotheses \2.l\ and 15. 11 /3(e) — 0{e^'^^) as e ~^ . 

Proof. First of all, let us prove that the function x i~-> ips,k{x) = e'^'^' belongs to 
L^CE.''', fig) for any s G I and any S < Kj,/{kK) (see (|2.1[) ') and that there exists a 
positive constant M, independent of s, such that ||<^5.K||i./ia < M for any s £ I. 
For this purpose, in view of [121 Thm. 5.4] we can limit ourselves to proving that 
{A{t)ips^K.){x) < 0.1 — ji(ps^K.{x) for any t £ I, x £ R'^ and some positive constants 
oi and 7i. It is easy to compute and to estimate A{t)ips^K in the following way: 

{A{t)^s,.){x) ^SK^s,nix)[iSK\x\''^-* + - 2)\x\''-^){Qit)x,x) 

+ Tr{Qit))\xr-^ + {bit,x),x)\xr-^] 

<fc(p5,«(a;)[(5KA|a;p«-2 + A(d + k - 2)\x\^-'^ - Xajxp'^-^] 

= :gi{x)(ps,Kix), 

for any {t,x) £ I x R'^, where gi{x) tends to —oo as |a;| — ^ +oo. Hence, the claim 
follows at once. 

We now observe that, for any A > and any t > 0, we have 

2 

St- ~Xt^>( ^) ^A^ =: -ciA^. 
It thus follows that 

I^aIIlp, < e'^'^^" \Ws,.\\l.^.^ < e^'^^ snp\\^s..\\i.t.^ C2e''^^ . (5.2) 
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Writing p.4p with p = 2 and g = 3, we get 

/ (iri^) ^'^^(^^ - e^-(*-))^ii |v/i 111,^ 

Jr^ \\\fh,f,J \ro\ 

+ 31og(C'2,3(t,.s))||/||^,^,, 

for any I 3 s < t. Let us provide an estimate of the constant 6*2,3(^,5), which 
represents the norm of G{t,s) from i^(R'',^s) to L^{R'^,iit)- From p.26L with 
p = 2 and g = 3, we get 

C2,3(i,s) < C2,3(t - .s) = 2exp llv'AoIlL' 
where Aq = 3(277o(i — s))^^- From estimate (j5.2p we thus conclude that 

i?2 



C2,3(i- s) < C3exp 



exp 



C4 



for some positive constants C3 and C4, so that 

l0g(C2,3(i - S)) < l0g(c3) + C4(t - S)-^ + C5(< - 5)"^ 

Now, we fix £ < 8A|ro|"^ and solve the equation 8A|ro|"Hl - e^''"^*"'')) 
get 



We 



1 



2ro 

Hence, for e < 8A|ro|^^, we obtain 



t~s = - — log ( 1 + — £ 



8A 



/3(£) < 3 <^ log(c3) + C4 



and the assertion follows at once. 



□ 

We can now prove the boundedness of G{t,s) from L^(M'^,/is) into L^(M'^,/it) 
following the basic ideas in the proof of [TJl Thm. 3.4] for the autonomous case. 
We stress that the nonautonomous setting gives rise to some additional technical 
difficulties. 

Theorem 5.3. Under Hvvotheses 12.11 and 15. IL for any s,i e /, with s < t, the 
operator G{t,s) is bounded from L^IW^, Hs) into L^(M'*,/it). 

Proof. As a first step we observe that, for any s G / and any nonnegative g € 

(5.3) 



(5.4) 



2||5l!L.logll3ll2,M.-|l5llL.log|l5lli,M= < / g^\oggd^^s{x). 

JR'' 

It suffices to prove (|5.3p for functions with ||.g||i,^^ — 1, which reduces to 



2||.9llL log||5l 



< 



9^ ^og gdfisix), 



since (|5.3p in the general case will follow from applying (|5.4p to the function 

To prove estimate (|5.4p we observe that the measure dvs{x) — gdfis{x) is a prob- 
ability measure and the function ^{x) — a; log a; is convex in (0,+oo). Therefore, 
Jensen inequality yields 



gdvsix) < / -tp{g)diysix) 



which is 
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We now fix a positive function / £ C^(R''), with — 1. Applying the 

logarithmic Sobolev inequality dLSIgD with / and being replaced respectively 
by 9nG{r, s)f and fir (where 6'„ is defined in p.2p ) and taking (j5.3p (with g = 
9nG{r, s)f) into account, we obtain 

ll<>„G(..)/ll^,,,,log({|f*^) <.|l|V,(«„G(r,.)/)||lL,. 

+ m\lll.,G{r.s)f\\l^^, (5.5) 

for every s,r £ I with s < r. Since {fir '■ r e /} is a tight evolution system of 
measures, we can fix i? G N such that fir{B{0, R)) > 1/2 for every r £ I. Now, let 
us fix t > s and set 

Ur)-=logi\\9nG{r,s)f\\l^J, n>R, r £ [s,t]. 

Note that the function C„ is well defined since G(r, s)f is a smooth and everywhere 
positive function in for any r > s, (see Lemma [^75]) . Hence, ||6'„G(r, s)/||2,/j,, > 
(5/-\/2 for any r £ [s,t] and n > R, where S denotes the minimum of the function 
G{-,s)f in [s,t] X B{0,R). From Proposition 12.51 we deduce that the function (n is 
differentiable in [s,t] and 

WOnGir, s)f Wl^Xnir) ^2 [el{G(r,s)f)A{T)G{T,s)fdfir{x) 

A{T)[el{G{T,s)ffWr{x) 

I 

= -2 / {Q{r)W.,{e,Mr,s)f),W.,{e^G{r,s)f))dfir{x) 
-4. f en{Gir,s)f){Q{r)Ven,V^Gir,s)f)dfir{x) 
-2 / 0„(G(r,s)/)U(r)0„d/.,(a;). 

JR<* 

Using (jS.ip we can estimate 

-^(r)^?„ < ^(2||VI|oo + h"||oo) - V' C-^) i^^^^if^ < ^(2h'||oo + IW'IU. 

\ n J n\x\ 

It thus follows that 

¥nG{r, s)nl^Xn{r) < - 2m\\ |V.(0„G(r, s)f)\ + |v/| |U 

+ ^(2||,/||oo + h"||oo)||/||L, 

for any r > s and n £N. Hence, from (j5.5l) and observing that ||^?nG(r, s)/||i.^^ < 
||G(r,s)/||i,^, < ll/lli^^, < 1, we deduce that 

c;(r)<-^ao + ^^ + ^, (5.6) 

e e 0^ 



where 



Gin) = ^ll^'lUll/IUIl |V/| Hoc + ^mv'Woo + h"lloo)|l/||L 



Fix TO > 2/{k — 2) and take e — rfo{r — s)/{m + 1) in the previous inequality. 
Multiplying both of the sides of (|5.6p by (r — s)™+^ and integrating between s and 
t we get 



t 2 



(^-srCn(r-)dr<-— — / {r ^ sy^+\'^{T)dT 

TO + 1 
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m+1 J (52(m + l)(m + 2)' 

Note that the last integral term in the right-hand side of the previous inequality is 
finite due to Proposition [221 An integration by parts shows that 

Tfl -\- I J g Ul -\- 1 J g 

Hence, 

{t - sy^+^^t) <2(m + 1) J\r - ( ^^^^^^] dr + - s)"^^ 



m+1 J (52(m + 2) 



< -7^1 / cr (3{a)da + —-{t ~ s) 



Then, letting n — >■ +00 it follows that 



VO(t-s) 



(i-.r+Mog(||G(t,s)/||i^J < / a'"/3(a)da 

<C7(«:,r;o)(t-5r+i-^, 
for some positive constant C(k, 770). Thus we get 

\\G{t,s)fh,^, < e^u-^r/'"-' = e^(-^)'=/*^-MI/lli,M.- (5-7) 

By homogeneity, we can extend (j5.7p to any positive and smooth function / with 
^ 1. Next, for a general / G Cf'(R''), we write ^ for /„ = {p + n-^)^/^. 
Observing that \\G{t, s)fn\\2.^lt converges to |iG(t, s)|/||j2,/it as n +00, for every 
t>s, and recalling that \G{t, s)f\ < G{t, s)\f\, we get (j5.7p . letting n — >• +00. 

Finally, by density we can extend (|5.7p to any / e L^(M'*,/is) and complete the 
proof. □ 



As a consequence of Theorems 14.31 and 15.31 we get the announced ultracontrac- 
tivity property of G(i, s). 

Theorem 5.4. Under Hypotheses 12.11 and 15.11 the evolution operator G{t, s) is 
ultracontractive. 

Proof. It suffices to prove the claim for p = 1. For p > 1 the statement follows from 
the Holder inequality. 

To conclude the proof, observe that, for every t > s, 

||G(t,s)||i^oo < ||G(<,(t + s)/2)||2^oo||G((i + s)/2,s)||i^2. (5.8) 

□ 

5.2. Nonautonomous elliptic operators with non-zero potential term. All 

the regularizing properties in the previous sections can be extended to nonau- 
tonomous operators with non zero potential term, i.e., operators defined on smooth 
functions C by 

N N 

{A,{t)0{x) = J2 q^J{t)D^JC{x) +J2bj{t,x)D,ax) - c{t,x)ax) 

={At)c){x)-c{t,x)ax), 

for any t G I and x € R''. Besides Hvpotheses l2.1l we assume the following condition. 
Hypotheses 5.5. c e Gj^f x R'^) and Co := infj^Rti c > —00. 
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Let Lp, a and 7 be the function and the constants in Hypothesis 12 . 1 f iii) . Then, 

Hence, we can determine a positive constant A such that Ac{t)'^ ~ X^p < for any 
t E I. We can thus apply the resuhs in [T] which show that a Markov evolution 
operator Gc{t, s) can be associated to the operator Ac{t). More precisely, for every 

/ G Cb{R'^) and s G I, Gc(-, s)f G C([s, +c3o) x R'^) n Cl;^^°'^^''^^°'{{s, +00) x R'') is 
the unique solution of the Cauchy problem 

Dtu{t, x) = Acit)u{t, x), {t, x) G (s, +00) X M'*, 

u{s,x) = f{x), xgM'^, 

which satisfies \\u{t, •)||oo < e^'^"*^*^'*^ ||/||oo- In the next theorem we will show that 
Gc{t,s) is ultracontractive, i.e., it maps LP{M.'^,^s) into Cfc(M'*) for every p > I, 
where {fit : i G /} the unique tight evolution system of measures for the evolution 
operator G{t,s), considered in the previous sections. 

Theorem 5.6. Assume that Hvvotheses \2.1\ and \5 .5\ hold. IfG{t,s) is supercontrac- 
tive {resp. ultrabounded, resp. ultracontractive), thenGc{t,s) is super contractive 
(resp. ultrabounded, resp. ultracontractive) and 

\\Gc{t,s)\\p^g<Cp^g{t-s)e--"^'~'\ 

for any t > s, 1 < p < q < +00 (resp. 1 < p < q — +00, resp. 1 < p < q = +00), 
where Cp^q is given in Definition \2.G\ 

Proof. The proof follows immediately observing that a comparison argument based 
on [HI Thm. 2.1] shows that Gc{t,s)f < e~'=o(*"")G'(i, s)/, for any t > s and any 
nonnegative function / G Cf,(R'^). □ 

Remark 5.7. If cq > 0, {/it : t G /} is a sub-invariant system of measures for 
the evolution operator Gc{t,s). Indeed, since Gc{t,s)f < e~^''(*~*'G(t, s)/ for any 
t > s and any nonnegative function / G Ct,(R''), we can estimate 

/ G,{t,s)fdfit{x)<e-^'>^'-'^ [ G{t,s)fdfit{x)< [ fdfisix), 

for any t > s. 

6. Heat kernel estimates and L^-uniform integrability 

The main goal of this last section is to use regularizing properties of G'(t, s) to 
obtain bounds on the integral kernel gt.s of G{t, s). Actually, we show that Hypoth- 
esis [O] allows to obtain an L°°-estimate for gt^s and some L^-uniform integrability 
properties of G{t, s). 

We first prove the following preliminary result. 

Lemma 6.1. Assume that Hvvotheses \2.1\ and 15. II hold. Then, for every 6,X> 0, 
there exists a positive constant Mg^x such that 

iG{t,s)ipx){x) < Ms,x, 
for every t,sEl,t — s>S,xE R'^ and A > 0. Moreover, 

Ms^x < exp 

where Kq ~ Kq(k, K^) , Ci = Ci{A,d, K3, k) and G2 = C2{-^-,d, K3, k) (see the 
proof). 



KoS~X, CiA2(»-2) +C2A2 



(5, A > 0, 
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Proof. First of all we point out that, arguing as in the proof of Theorem 14.31 we 
deduce that assumption (j4.ip in Theorem 14. II is satisfied by h\ = gx{yo.\)X[o.ya a] + 
gxX{yo A,+oo) where yo.A > 1 denotes the minimum of the function gx defined by 



gxiy) - X'-^y [K^ilogy]^ - 2A5<^C, - 2A^Arf ) , y > 1, 
and Ck, is any positive constant such that 



2\Ky' <^y^^C^\—\ y>0. 



Let us observe that 



Ksilogy)- - 2A5(^C„ - 2X2 Ad > -filogy)^ 



if and only if 



y > exp 



CiA2(«-2) +C2X^' 



Px, 



where Ci — AC^/K^ and C2 — AAd/K^. Clearly, if y > Pa we can estimate 

hx{y) > ^Ai-ty(logy)t. 

Note that hx{y) > for every y > Px and, consequently, Px > yo,x- For any r > 1, 
let us set Px.r — rPx- Then, it follows that 

f +00 -j^ 



2 

hx{s) K3 



1 



(«; - 2)i^3 
4 



^ y(log?;)2 

A^(l0gPA,r) 



■dy 



[K- 



2)K, 



A— 



CiA2(«-2) +C'2A2 +logr 



3.1 



Taking into account formula (16.11) we deduce that, for any S > 0, the inequality 

f + OO ^ 



2 

— A 2 

^^3 



Pa,. 



y(iog2/) 



^dy < S, 



is satisfied when 

logr > KqS^X - I CiA2(»-2) +C2A 

where Ka = [{n - 2)i^3/4]2/(2-''). Hence, if 

( \ 2 / .2 

KoS~X~ CiA2(«-2) +C2A2 



r = max < exp 



,1 



then 



+00 



1 



hx{s) 



ds < S. 



Since Mg^x satisfies 



+00 



-ds = 6, 



>Ms,, hx{s) 

(see [1] Thm. 4.4]), Ms,x < Px,r and the assertion follows. 
We can now prove the announced heat kernel estimates. 



□ 
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Theorem 6.2. Assume that Hvvotheses \2.1\ owd l5.ll hold. Then, the integral kernel 
gt,s ofG{t,s) satisfies 

< gtAx,y) < e , I 3 s < t, 0<t-s<l, x,y eR'^, 

where C is a positive constant, depending on k, r]o, A, d and K3. 

Proof. By Dunford-Pettis theorem (see [7]), we have \\G{t, s)||i-i.oo = ll5t,s|lL°°(R2rf)- 
Formula ([SJ]) implies that C'i,oo(i,s) < Ci^Ht - s)/2)C2,oo((t - s)/2). 

To estimate €2,00, we can use (|4.5p and Lemma [6.11 fsee also (|4.2I) ') which show 
that 

C2 ooiit - s)/2) ^ 2e-^oii- Mt^ 1 < 2e"o('*--)Mt^ 1 < e<*-=)"^<""" , 

for any < i — s < 1 and some positive constants ci and C, this latter depending 
on K,K3,rio. Now, using (j5.7|) . we get the claim. □ 

Remark 6.3. We can not expect the polynomial decay |igt.s|j^=o(jj2d) < C{t— s)^" 
as, t — s — > 0, for some a > 0, which is typical of the classical case of bounded 
coefficients. Indeed, in the autonomous case, the Varopoulos theorem (see [18]) 
implies that a decay of this type occurs if and only if the Sobolev embedding 
theorems hold, which, in general, is not the case as the simple example of the 
standard Gaussian measure in R shows. 

Let us now prove the L^-uniform integrability. 

Proposition 6.4. Under Hypotheses \2.1\ and \5.1[ for any s,t e /, with s < t, the 
operator G{t,s) is L"^ {W^ ^ ^t) -uniformly integrable, i.e., 



Proof. To begin with, let us prove that there exists a positive constant C, indepen- 
dent of /, such that 



for any / e L^(R'^,fis) with ||/||2.p^, < 1 and any Borel set A C M'', where Aq = 
{r]o{t — s))~"^. Note that our assumptions imply that ipxg G L^{R'^,fit) (see (|5.2p V 
We first assume that / e Cc(R'^) satisfy ||/||2,^, < 1. Integrating (j?:^ (with 
p = 2) with respect to dfitiy) and taking p.24p into account, we get 



where R is any positive constant such that /it(i?(0, R)) > 1/2 for any t E I. From 
this estimate, (j6.2p follows at once. 

Since any function / € L^(R'',/^s), with ||/||2,;^, < 1, can be approximated by a 
sequence (/„)„ C Cc(M'') satisfying ||/„||2,^^ < 1 for any n e N, estimate (j6.2p can 
be extended by density to any / S L^(R'^,^s) with ||/||2,^3 < 1- 

Now, recalling that G{t,s) is a contraction from L^(R'^,/is) to L'^(R'^, /it), ap- 
plying Chebyshev inequality and Holder inequality, from (|6.2p we easily deduce 
that 





(6.2) 



|(G(i,s)/)(x)|2 < 2e^^e^^ G^Xoi^), 





<Cy2xM,Mi{\G{t,s)f\>r}))i 

<-SUp|l(^2Aolll.^,- 
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The claim now follows at once. □ 

Acknowledgments. The authors wish to thank Alessandra Lunardi for helpful 
comments and for pointing out |15) . 
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